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Abstract 

We find the TZ matrix for the inhomogeneous quantum groups whose ho- 
mogeneous part is GLq{n), or its restrictions to SLq{n),Uq{n) and SUq{n). 
The quantum Yang-Baxter equation for TZ holds because of the Hecke rela- 
tion for the braiding matrix of the homogeneous subgroup. A bicovariant 
differential calculus on IGLq{n) is constructed, and its application to the 
Z? = 4 Poincare group ISLq{2, C) is discussed. 
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Riemannian geometry seems to be inadequate to describe spacetime at very 
short distances. However, the beautiful notion of spacetime as a coset space GjH 
needs not to be abandoned. Within the framework of quantum groups we 
may conceive a 

q-Poincare , , 

q-spacetime = — (Ij 

q-Lorentz 

spanned by non-commuting coordinates, whose g — 1 hmit is the usual spacetime. 

In this Letter we take a step in this direction, and initiate a study of the differ- 
ential geometry of inhomogeneous quantum groups, having in mind the application 
to the quantum Poincare group in D = 4. A bicovariant calculus on the A, B, C, D, 
quantum groups can be entirely constructed in terms of the corresponding R matrix 
[^, ^ 0]. Here we will to do the same for IGLq{n) (and its unitary and unimodular 
restrictions). 

The plan of the paper is: 1) to define IGLq{n), ISLq{n), IUq{n), ISUq{n); 2) to 
find the corresponding TZ matrix; 3) to construct a bicovariant differential calculus 
in terms of TZ. We conclude with some remarks about the g-Poincare group in 
D = 4. 

Inhomogeneous quantum groups have been defined in 0. Here we adopt a 
slightly modified definition, due to the g-determinant of the homogeneous submatrix 
not being constrained to be the identity element I. The quantum inhomogeneous 
group IGLqin) is the associative algebra A freely generated by 

i) the non-commuting matrix entries T^^ = (T"'f^,T"', = x",T*^ = 0,T*, = /): 

T\^(^^,'l] (2) 



satisfying the commutation relations: 



ryab rpe rpf rpb rpa rjef / o\ 

^ ef-'' J d - cd l-^J 

x''T\ = qR^\fT\x^ (4) 

A'^' ,,x'^x' = (5) 

/ being the identity element. 

ii) the inverse ^ of the g-determinant of T, defined by: 

^detgT = detgT^ = / (6) 

det,r = ^(-g)'('^)r^(i)---r\(„) (7) 



1 



where l{a) is the minimum number of transpositions in the permutation a. It is not 
difficuh to check that ^ and detgT commute with all the elements T*^^, and that: 



x^detgT = q'^detqTx" (8) 

x^i = q-^'^x^ (9) 

The matrix R""^ is the i?-matrix of the corresponding An-i series 0. The A 
matrix is the g-generalization of the antisymmetrizer: 

ql — R , , 

where R = PR (i.e. R""^ = R''" 

Note that we do not impose detgT*^^ = /: we deal with IGLq{n) rather than 
with ISLg{n). We can then specialize the treatment of ref. P| to the case without 
dilatation {w = 1). The price we pay is that the commutation of det^T'^^ with 
the off-diagonal x"" aquires a factor. Setting the dilatation w to be the identity 
simplifies the formalism, but is by no means essential for the discussion that follows. 
We comment on this point later. 

As in 1^ , it is not difficult to show that the algebra A endowed with the coprod- 
uct A, the CO unit e and the coinverse k: 

A{T\) =T\®T%, A(/)=/®/, (11) 

Aix") = T" ^ x'' + x" (g) I (12) 

e{T\)=6l e{I) = l, (13) 

£(x") = (14) 

k{T\) = {T-')\, ^{I)=I, (15) 

Kix") = -k{T\)x^ (16) 

is a Hopf algebra. The proof goes as in § , with the additional check that 
A(x"detgT - g^detgTx'*) = and A(x''^ - g-^^x'^) = indeed hold. 
From eqs. (^ and (|) one deduces the co-structures on det^T and ^ : 

A(detgT) = detgT ® det^T, A(0 = C ® C (17) 
£(det,T) = l, £(0 = 1 (18) 
K{detgT) = ^, /t(0 = detgT (19) 



The co-structures given in ([TlD-(p!6D can be compactly written as {A = (a, •)): 

A{T^^)=T%^T% (20) 
e{T\) = 6^ (21) 
k{T\) = {T-Y^ (22) 
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(T-i)^5= f ''^^"^^ ] (23) 



where 

/ 

This suggests the existence of a 7^ matrix such that 

n^^rT'^cT^n = T%T\n^^cD (24) 
reproduces the commutations (H)-(0). The matrix 



CD 



( cd 








\ 


















q 





V 








q J 



(25) 
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indeed serves this purpose, as the reader can verify. Indices are ordered as ab, a* 
b, ••. The only nontrivial case arises for A = a, B = b, C = D = d, the "RTT" 
relation of (|^) yielding: 

R^' ^fX^Tf, = {q- q-')x'T\ + qT\x- (26) 
This correctly reduces to @) after using the Hecke relation for Rf''^ = R^"^ 

R" = {q-q-^)R + I (27) 
(use it in the form R= {q — q~^)I + R^^). 

Note 1: the TZ matrix given in ( p5|) satisfies the quantum Yang-Baxter equation: 

fjAiBi 'TyA-zCi 'r>B2C2 'pBiCi 'r}AiC2 'r>A2B2 {0Q\ 

^2^2'^ ^302'^ B3C3 ~ B2C2'^ A2C-i'^ A3B3 l^^J 

Again the Hecke relation for R is crucial. For example setting the indices Ai = 
ai, Bi = bi, Ci = •, A3 = •, ^3 = 63, C3 = C3 in equation (|8|) yields (0). 

Note 2: the matrix TZ^^qd = '^^^cd ^^^^ satisfies the Hecke relation, as one 
can directly check. 

Note 3: the homogeneous subgroup H can also be taken to be Uq{n), using 
the usual *-conjugation on H defined by T* = [k(T)]*. Then IGLq{n) reduces to 
IUq{n). As explained in |p, the *-structure of H can be extended to the whole 
inhomogeneous quantum group. 

Note 4: Reinstating the dilatation w of ref. 0, the detgT = / condition yields 
ISLq{n), or ISUq{n). The TZ matrix does not change, since the commutations of 
the matrix elements T^^ do not change (wT^j,, x"" have the same commutations as 
T^j,, x"" in the case w = 1). 

We now turn to the construction of a differential calculus on IGLq{n). When 
dealing with a quantum group of the A, B,C, D, series, we know how to formulate 
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a bicovariant differential calculus in terms of the corresponding TZ matrix and the 
diagonal D matrix defined by: 

k\t\) = D^aT%iD-Y^ = dWT\ (29) 

(cf ref.s [|, 0). Can we apply the same construction to the case of IGLq{n) ? 
As we argue in the following, the answer is yes. The basic object is the braiding 
matrix 

A A2 D2\Ci Bi _ JF2J-I-TPF2B1 f^-l\CiGi (^-l\A2Ei 'TPG2D2 /qn^ 
Di \C2B2="' "C2'^ C2Gil'^ ) BiAil'^ ) G2Di'^ B2F2 K'^^l 

which is used in the definition of the exterior product of quantum (left-invariant) 
one forms ujj^: 

, , A2 A , , D2 _ , , ^ , , D2 \ A2 D2\Cl Bl C2 ^ , . B2 /qi \ 

and in the g-commutations of the quantum Lie algebra generators x\- 

-x/Ci A ^2 F2\Di Ci Fi _ f^Di Ci 1 A2A1 /qoN 

A D2A C2 ^^Ei Fi I D2 C2 A E2X F2 — ^ D2 C2U1 A A2 l-J^J 

where the structure constants are explicitly given by: 

piAi Bi I C2 _ r xBi;:Ai^C2 j_ \ B C2\Ai Bi ^ /qq\ 

^ A2 B2IC1 - ^ _ [-^B2^Ci OA2 + ^^B Ci I A2 Bii- I'^'^J 

and X%X% = ix\ ® X%)A, cf. ref.s g |, 0. 

The braiding matrix A and the structure constants C defined in ( PU[ ) and ( P3[ ) 
satisfy the conditions 



C„ "C„^. ^ - A^' ,^.C,, "C„, ^ = C,^. '^C,, ^ (q-Jacobi identities) (34) 

A- /^'^ ,^A^-^ = A"'^ ^A-^.^A^^- (Yang-Baxter) (35) 

Ci \ml \ns lA*' r s \pg \il (~i ^ _i_ m \is ("iR^ 

mn^^ rj^^ Ik ~^ -'^ rj^lk — jk^^ rq^lp ^ ^ jk rm W''^} 

Cm \ ns \ij A nm (~i 

rk ml — kV^ ri^mj 



m \ns \ij \nm ( ^ s (0.7^ 

ml — kl^^ ri^mj K"^ ' I 



where the index pairs ^ and ^ have been replaced by the indices ' and , respectively. 
These are the so-called "bicovariance conditions", see ref.s |^ 0, |^, necessary in 
order to have a consistent bicovariant differential calculus. 

The components of A are easily computed in terms of the R matrix of the 
homogeneous subgroup, via eq.(^). We still need to know the diagonal D matrix, 
defined in (p9D. The value of /t^ on the T"^ elements of the homogeneous subgroup 
is given by 

^{T\) = D\T\{D-y, = d^d^'T\, (38) 
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with d"- = q^"- ^. For example, IGLg{2) has = g, ci^ = q^. The value of on the 
off-diagonal elements is computed as follows: 

k{x^) = -n{T\)x^ (39) 

n^x"") = -n{x^)K\T\) = k{T\)x'k\T\) = K{T\)x'T\d''d^^ = 

= q k{T\)R^^ efT\xU'^d-,' = q T\k{T^ f)xf R'' ,/^d^' = 

= qd^x" (40) 

where we have used 

k{T\)T\R^'^ e/ = T\K{T^f)R'' (41) 

deducible from the RTT relation (H), and the useful identity 

i?- ,,d-' = 5t (42) 

valid for the R matrix of the A^-i series. Then n'^{x°') = k^(T",) = d°'d~^T"' ^ = 
q d"'T°' ^ so that d' = q^^. Having d"" and d* we can compute the A components 
according to eq. (POf) and find the explicit form of the g-algebra 



v^i v''! — A "2 c(2|ci bi ai di _ ^ r rfei rci rda A a daici fci ] di ( ao\ 
A C2A b2 ^^ai di I C2 62 A aaA ^2 ~ ^ _ ^-1 i '^te^rfi^ca + ^^a di I C2 62JA da 

+ (^'')"\a(^-')'^\.Jx'^i (44) 

- ('?-g-')rf^^4"/^^^%,,(^-')"^^,a,(^-')"^%., x^x'i- 
rf'^rfc-2'^'^'^2..(^"')"':^.a,x"ix\= 

= rf^^4-2'i?^^''J,,,(i?"^)^^^^,.(i?-^)"'^^,,.,x'^i (45) 

- g (i?-')^^\a, X'^ix'i = (46) 

where the ^cn^J^^l'^lJ'l^ is the braiding matrix of the subgroup GLq{n), given in (^). 
Thus the commutations in (^) are those of the g-subalgebra GLq{n). Note that 
the g — 1 limit on the right hand sides of ( ^31 ) and ( PI) is finite, since the terms in 
square parentheses are a (finite) series in q — q~^, and the — th order part vanishes 
(see 10], eq. (5.55)). We have written here only a subset X of the commutation 
relations (^2]) . This subset involves only the aiid generators, and closes on 
itself. The A and C components entering (H3)-(HBD are 



K t W\ = d''d:^'R'X,. iR-T\a. (48) 

KW r. li = {R-'r\a. {R~'rXd. m 

KTdlWl = {<!- '?"')rf^^4-'^^^'j2..(^"')"''e,a,(i?-')"^^., (50) 

KVd^.': = q{R-'r\a. (51) 
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(~ici bi I d2 

/~(Cl 61 I • _ 

^ • bildi - 

f-^ci 61 I • _ 
^ C2 'Idi - 

Cci 61 I D2 

• • IDi 



structure constants of the homogeneous subalgebra (52) 

(54) 
(55) 



= 



A2 D21C1 Bi 
C2 B2 



Now the important thing is that these are the only non-vanishing A^^^^^^ 
components and the only non- vanishing C*^^^^ Id^^ components with indices Ci, C2, -Bi, i?2 
corresponding to the subset X. Because of this, they satisfy by themselves the bico- 



variance conditions (34)-(37), as the sums do not involve other components. Then 
(^31)- (^11) defines a bicovariant quantum Lie algebra, and a consistent differential 
calculus can be set up, based on a A tensor whose only nonvanishing components 
are 



mm 



It is clear that our formalism can be directly applied to construct a differential 
calculus on the quantum Poincare group in Z) = 4, i.e. on ISLg{2, C). A problem 
arises, however, because the R matrix of the Lorentz subgroup (seen as the com- 
plexification of SLg{2), cf. ref. [0, |T^) does not satisfy the Hecke relation. This 
can be cured by complexifying the whole ISLg{2), i.e. by considering the quantum 
Poincare group as generated by the matrix elements: 



B 



( T\ 
T\ 




V 



T\ 







X 

I 






























x^ 

I 



\ 



(56) 



We report on this in ref. ||13 |. 



It would be worthwhile to extend the results of this letter to the inhomogeneous 
quantum groups whose homogeneous part belongs to the B,C,D series. 
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